Abstract The linear ordering problem has many applications and was studied by many authors (see 5, 9, 12] for survey). One approach to solve this problem, the so-called cutting plane method 8, 14] derives facet-de ning inequalities, which are violated by current nonfeasible solution and adds them to the system of inequalities of current linear programming problem. We present a method (rotation method) for generating new facets of polyhedra by using already known ones. 
Introduction
A linear ordering of an n-element set N is a bijection : f1; 2; : : : ; ng ! N. The linear ordering polytope P n is a convex hull of n! points in R n 2 ?n . Each of these points one-to-one corresponds to some = ( (1); :::; (n)) by the following rule: x ij = 1, if ?1 (i) < ?1 (j) and x ij = 0, if ?1 (i) > ?1 (j); i 6 = j.
Let G = (N; A) be a complete directed graph (digraph) with node set N and arc set A = N N (without loops). A directed subgraph (N; T) is a spanning tournament, if for every pair of distinct nodes u; v 2 N exactly one of arcs (u; v) and (v; u) is in T. Given a linear ordering of the nodes N of a digraph, the arc set f(u; v) : ?1 (u) < ?1 (v)g forms an acyclic spanning tournament on N; conversely, an acyclic spanning tournament (N; T) induces a unique ordering of N. Thus the linear ordering polytope P n is the convex hull of the incidence vectors of the acyclic spanning tournaments on N.
The following system of inequalities and equations x ij 1 i 6 = j; i; j 2 N; (1) x ij + x jk + x ki 2 i 6 = j; i 6 = k; j 6 = k; i; j; k 2 N; (2) x ij + x ji = 1 i 6 = j; i; j 2 N: (3) de nes the relaxation polytope B n of the polytope P n . Every point x is a vertex of B n . In addition to these integer vertices, the polytope B n for n 6 has noninteger vertices (note that in earlier publications it was believed that P n = B n (cf. (i s ; j s )g. If an inequality ax a 0 is in normal form, then it induces a weighted digraph corresponding to the non-zero coe cients of the inequality and with w(i; j) = a ij , where w(i; j) is the weight of arc (i; j) in the digraph. Conversely, a weighted digraph can be understood to induce an inequality by associating a coe cient of w(i; j) with every arc in the digraph, 0 for all other arcs, and appropriately de ned righthand side. Digraphs induced by facet-de ning inequalities Throughout the gures in the paper, arcs shown without numerical labels should be interpreted as having weight equal to 1.
Using substitution x ij = 1 ? x ji (it follows from equations (3)) we can replace every facet- ? Lemma 1 (Trivial lifting lemma 12, 13]) Facet-de ning inequalities of P n de ne also facets for P n 1 , n 1 > n.
The rotation method
We present now a new rotation method for generating new facets of the linear ordering polytope. The idea of the method was introduced in 3].
Let P be a polyhedron in R n with the set of vertices vert P and be an a ne mapping of R n into itself. If vert P = vert (P ) then is called a rotation mapping of P. Evidently, the rotation mappings realize one-to-one mappings of the facet set and corresponding facetde ning inequalities onto themselves. Hence, having a facet-de ning inequality ax a 0 for the polyhedron P, we have a facet-de ning inequality a (x) a 0 for the same polyhedron P. A trivial rotation mapping for linear ordering polytope P n is arc reversal mapping which de ned as x ij = x ji . This mapping transforms every facet ax a 0 into the facet bx a 0 , where b ij = a ji for all 1 i; j n 12, 13] . The trivial rotation mapping does not generate new facets for the most known facets of the polytope P n , because in many cases the mapping generates another member of the same facet family, i.e. the corresponding digraphs are isomorphic (for example, an m-fence maps to an m-fence, and so on).
For a given vertex r 2 N, we introduce a mapping r : R n 2 ?n ! R n 2 ?n , de ned as x rj = x jr ; x jr = x rj ; j 6 = r; j 2 N; (6) x ij = x ij + x jr ? x ir ; i 6 = j; i 6 = r; j 6 = r; i; j 2 N:
An equivalent version of (7) using (3) is x ij = x ij + x jr + x ri ? 1; i 6 = j; i 6 = r; j 6 = r; i; j 2 N:
Observe that this mapping is not a rotation in the strict sense of the word; thus the term "rotation mapping" is not restricted to mappings that are rotational in the conventional sense, but can include re ections as well.
Remark 2 The rotation r of the linear ordering 1; 2; : : : ; r ? 1; r; r + 1; : : : ; n maps to the ordering r + 1; : : : ; n; r; 1; : : : ; r ? 1. Theorem 1 The mapping r is a rotation mapping of the linear ordering polytope for every r 2 N.
Proof. To prove that r is a rotation mapping for P n it is su cient to show that r transforms the relaxation polytope B n into itself and all its integer vertices into integer vertices. Indeed, since r is a nonsingular a ne mapping there exists the inverse mapping ?1 r . The mapping ?1 r is de ned by the following equalities x rj = x jr ; x jr = x rj ; x ij = x ij + x jr ? x ir i 6 = j; i 6 = r; j 6 = r; i; j; r 2 N: (8) Therefore, the polytope r (B n ) is de ned by conditions 1 x ij = x ij + x jr ? x ir i 6 = j; i 6 = r; j 6 = r; i; j; r 2 N; 2 x ij + x jr + x ri = x ij + x jr ? x ir + x rj + x ir = x ij + 1; 1 = x ij + x ji = x ij + x ji ; which combined with the equalities x ij + x ji = 1 in coordinates x ij are identical to (1)- (3) , that is, r (B n ) = B n . Equalities (6)- (7) and (8) imply that x is an integer point of B n if and only if x is an integer point of r (B n ), that is, vert( r (B n )) \ Z n(n?1) = vert(B n ) \ Z n(n?1) , or vert( r (P n )) = vert(P n ).
Theorem 1 and the de nition of rotation mapping r directly imply the following technique for obtaining new facets of the linear ordering polytope from known ones.
Theorem 2 If the inequality P P a ij x ij a 0 de nes a facet for P n , then the inequality We distinguish two cases of rotation mapping r : the rst, when the variables x ir and x rj are involved in the facet-de ning inequality PP a ij x ij a 0 and the second when not. In the rst case we'll speak about facet routing, and in the second case, about facet lifting.
Let a facet-de ning inequality ax b be in normal form, G = (N(U); U) be a subdigraph of a complete digraph G n = (N; A) and arc set U = f(i; j) 2 A : a ij > 0g. It is clear that the case r 6 2 N(U) corresponds to facet lifting, and r 2 N(U) to facet routing. The lifting transforms the digraph G = (N(U); U) into digraph G r = (N(U) r; U r ), by adding the two arcs (r; i) and (j; r) for every arc (i; j) 2 U. Notice that an arc (r; k) or (k; r) might be added multiple times; the aggregate multiplicity corresponds to the coe cient of the new arc in the lifted inequality.
The routing transforms a digraph G = (N(U); U) into digraph G 0 = (N(U); U 0 ), by adding the two arcs (r; i) and (j; r) for every arc (i; j) 2 U : i; j 6 = r and by changing the orientation of the arcs (r; j) and (i; r) 2 U.
Remark 3 If indeg(s) = outdeg(s) for all s 2 N(U) then lifting does not give new facets.
The routing transforms the digraph G = (N(U); U) into digraph G r = (N(U); U 0 ), by adding two arcs (r; i) and (j; r) for every arc (i; j) 2 U : i; j 6 = r and by changing the orientation of arcs (r; j) 2 U and (i; r) 2 U.
Let ax a 0 be a facet-de ning inequality; then for any i and j, a j ( i (x)) a 0 is equivalent either to ax a 0 or to a k (x) a 0 , for some k 2 N. It does not allow to apply the rotation method repeatedly.
We call a valid inequality ax a 0 for P n regular, if X i2N a is = X i2N a si ; for all s 2 N: (9) If a ij 2 f0; 1g then condition (9) is equivalent to indeg(s) = outdeg(s) for all s 2 N(U). Lemma 2 (Routing lemma) If ax a 0 is a regular inequality for P n and r 2 N(U) then ax a 0 represents a facet of P n i a r x a r 0 represents a facet of P n .
To prove the lemma it su ces to note that The equality x ij + x ji = 1 allows one to reduce opposite directed arcs in the digraph G, and it corresponds to the following coe cients correction: a 0 ij = a ij = a ij ; i 6 = r; j 6 = r; (10) a 0 sr = maxf a sr ? a rs ; 0g; (11) a 0 rs = maxf a rs ? a sr ; 0g; 
If a facet-de ning inequality has the following form
x ij a 0 (15) (all above described facets have this form), then the rotation r of (15) 
Rotations of m-fences
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